
4,8,5,3,1
5,4,8,3,1
5,4,3,8,1
5,4,3,1,8

882007

Sorting O element presening A = [00
, 917 ... ]

② ordered B = [J add min(Ad
,
min (A) ,

...

sorted unsorted

3 upperand
-> Insertion sort an an + 1 right

lower

n-1 iteratio
for i in range (1

,
n) : #add an +,

nb :milic sorted

Forj in range (i , 0
.

-1) : #ineumirric

if A[j] <A[j- 17 :

Swap(A , jej
- 1) betease all sorted O(n) n

***
Worstcase reversed O(n2 int

else : & verage case O(n2

break # then stop (f) + (+)2+ . . + (f)(i) =1)=
note : i = <

, ...,
H+ (n-+

(n+2)(n+ )

-> Merge sort-o (1) extra space complexity #

def merge (1st)
,
1st2) : def mergesort /1st) : * worstcase Ochlogn) Bestzw(E) + Az

if Isti = = 1) or 1st = = [] : if len11st) == 1 : w(n) = 2w(E) + (n -1

return Iste + 1st 2 return [1st[O]]

sorted = [2 left = Mergesort ( : lenCist)/2] WINKI

While Ist1 ! = 2) and 1st2 != 1) :
right = mergesort [lencIst)//2 : 7 WCH12i

C

head1 = 1st 120] return merge Cleft
, right) n -1

(worstcase)

neadz = 1st 2 [0] e . g . [1
,
3

,
53 , 224,

6] pointers
if head 1 <= nead2 : ↓ ↓ ↓ ↓ ↓ shift

right
sorted , append (head 1) * inplace merge sort * Partition ; list only !!

1st1 = ( + [7 : )

else :

sorted
. Append (head2)

1st 2 = 1st 2 21 : ]

return sorted + 1st + 1st2

1 2
,

3
,

7
,
4)

-> quick sort :"pivot

A in place quicksort examinable partition-place the pivot
I def gs- inplace (A

,
int n

,
intm) : def partition (A

,
n

, m) :

I ! I ifn) = m : mid = (n+m)//2 choose
11 ↑

I return pirot = A[mid] Y pivot

I I I pivot - pos=tor) A
, nm) swap (A

,
n

,
mids Inrest

Worstcase O (n2) pivot vois
as - inplace ) A

,
4

,
pivot- pos-1) last

-
small = 1 first pivot itself

# COM : n(H-1) (n-11 + (n -2) + .
.

. + 7

qs - in place (A
, pivot_ pos + 1

,
m) for i in range (n + 1

,
m+.Z

best case o Inlogn)
evisio:

#Com T(h) = 2 T (u/2) + ((n +) less-than-pivot = (Azi) <pivots
def quick sort (A) : partition recursive if (le1)-than-pirot) :

= chlogu -

if len(Al == 1 : average case(nlogn) grow naturally last-small+= 1

return A #com A(n) = n +1 + (Acil + A(n-i+ )] Swap (A
,
lastsmall

,
i)

pivot = ATIenSA) //2)
= O(nlogn)

less = [i for i in a if <pirot] Swap (A
,
n

,
last-small

mid = [m for m in A if m = = pivot] return last- small nw. pivot
more= In for n ina if n > pirots

return quicksort (less) + mid + quick sort (more)



delimax = cootoon +26 leat + fixheap implement abstraction

-> Heap sort Heap : an away nority binary tree

& remove max + fix heap Worst/aug/best : Onlogh) starts

to fix index = 1
def fix-heap(self ,
T: Starting index i /delete-may

heapq.

head pops)
① pop not onreturnif self

.

is-leaf (i) :

G leaf then do
nogh [

U 3return nothing
-L

②more last to root
binary free T with height h : fills by layer lefte right

our
left= self

. get-left-treecis
treeheight & fixheap · left subtree of i : zi

A
= logch)

heap
T right = self

. get-right-tree(i)
·

is-nodecis

7 if the rightchild oper I · light subtree of i : 21 + 1

M if not self
.
is-node (right) : is right is in the heap doesn't exist · parent node i : (2) or ill2

bigger-child = left (i < Ien())
· node i is a leaf?: 21 > n ?

else : Self
.
A = A

max heap : parent) children Alis= A2zi)

bigger-child = left ifAtleft] > self
. Alright] else right pickger val

A [i])= A[zi+1]

if self
.

Abigger-child) <= self
. A[i] :

y Already bigger
return content of 2 index than both z children Graph + Graph traversal

Napisquger-child) graph directed
graph

self
. Fix-heap (bigger-child) deverneisL&ef heapity (self

,
i) :

Or Y < Ledgesif not self
. is-nodecil :

3 in the heap neighbors
of D

return Intentries
Asmaller For largev

↳ hops
self

, helapify (self
. get- left-tree (i) E

↑ Eentries IE)
Gi E[i][j]

self
, heapify (self

, get_ right-treecill Adjacency list
entry Adjacency matrix

to

self
, fix-heap (i) -> root node & 'A : I'B','D'

,
'C']

,
A B C D

'B' : LID ; 2)
, . . . ] A O 111

'c' : [] from B 000 I

priority queue [ C 0 00 0

pg . put (12, content)
'D' : I'c'l 3 weighted Do O 10

& weight (d =priority) to edges * undirected = 2 ways
A BC
T Esymmetric adjacency

· priority ,
task =

pq. get 1) A013 mat

155s +priority no need to
from B as 0 a

outfirst know much C as 20

predecessor map
BFS tree of shortest path keep track

graph traversal Assume all nodes are reachable

in graph traversal > Dijkstra's algorithmm, i of the shortest

① depth first
· set d= es ; unvisited distance from

path

visited = 2] A BDE FC A the start node
d

· visited node : S(TIF)
define DFS (node) :

~ S
* visit the new node with smallest d + update the distance

A visited. Append (node) ↳ def dijkstra(v,start) : adjacency list w/weights

bruteforceforinneighborsnode: d = Enode : float (int's for mode in Vy
search initialize pi = (node : None for mode in vy

DFS(X) S = sett)

② breadth first
I & I starts = 0

Pq = [10
,
Start)

U = heapg . heappop(pq)
visited = [7 While lencs) < len(u) :

define BFS (start
_ node) : e Vis S unvisited = v - > Funvisited nodes ↑

a = 9 .
Queue() ↓ node U = min (unvisited

, Key = lambda node : dinode])
g . put (start

-
node) *C2 ABCDEF S

. add (u)- closest unvisited node
↑ X

while not g. empty () : d ] gntign nodeNegus :

node = g .
get() EXF3 updateThe if d[U] + W < dTV] : -> distance tusitronic

visited. Append chode) & & [V] = d[U] + W
= update

for node-neighbor in neighbors (node) : pi[v] = U

if node-neighbor not in visited : heapy . push (pg ,
(d[v]

,
VI)

9. put (node-neighbor
return d

, pi



post-traversal
I

-> Topological sorting · Sorting with dependencies ,
linearization all arrow- > visited = []

O CIVI + IE1) (pre-requisites + meetall prereg . def DFS (node) :

Leach &E
· not unique /many solutions directed graph for x In neighbors (node) :

is visited once ·

Only DAGSDirected Acyclic Graph) - no cycle if X not in visited :

VisitP rooted trees &lanwinstowns neighbor & DFS(X)

subgraph ·Steps O pick 1 unvisited node in]
children

visited = Inode] + visited
mu

· VEV
,

E'CE & DFS for reachable unvsited nodes visited def toposort (graph) :

spanning tree & recursive call back visited = In) + visited # call unvisited node
· 'tree' subgraph

(no cycle ! * Greedy Algorithm *mst property check : possible okalr -> local
: best atm to find MST

·

connect all nodes
⑳O more towards the closest

· T is a spanning tree of G
in the graph

· optimal for MST might ↑
adding edges (4

,
8)

the
cycle o

2 will create cyclesminimum spanning tree (MST) T
--- -

& cu , v) = max-weight edge
spanning tree w/ smallest total weight

add<u-17
of the sucle

Ooit u
,
U dr0: partition = confirm no

y
cycle

V [MST = nodes ... ] I VI = IE) + 1 mst= [CA , B
,

1)
, (B,C

,
2) ,. . . ] v u-v dre

air connected
Prim's Algorithm & assume unique MST Whileledgeheap notempty Kruskal's Algorithm adding

Morer closest unvisited node & ClenCMST) < IV1-) : ↓ shortest edge TSevisited pop the min GlogED edge
~ I node a time W

,
U

,
v = heappaheappopsedge-heap) v 1 edge a time will create

/1 hop us his weight cycle..
~Fringe' : set of unvisited

,
connect to s I 1 edge if not uf

.
connected (U

,
U) : OClogv venumeraHe all edges + add to MST

wi

~ "cutset" : set of edges that connects & F uf
.

Union (u , v) priority queue

dineed~ stepso compute Fringe MST. append ((u
,
V

,
W() Ologv E

② compute cutset awe
: partition?

< IVI-1 : disconnected connectivity : add the edge I
,v

③ Add smallest edge from cutset foMs T - IVl-1 : cycle When they are not alr connected

①update S
,

d
, pi Turns partitions

O CElogE)
in MST

* Union find algorithm for connectivity equivalence relation : - reflective
,
symmetric

,
transitive

(i) record a set of connected components (dynamic : relationship changes overtime

iii) update the set when we add edges partition/disjoint union · can have

-> 3 functions find (4) -1 & subset of a relation (R) representative
elements

O find (x) ; find the representative elementX belongs to · F(x
,
y7tSi

,

B(x,7 TmeO0O

② connected (X
, y) ; by connected ? find(X) == find (y) ! · S

-
1V

...
US -n = R

③ union (4
, 4) ; union the sets X

, y belongsto · S
_ ins-j = 0 Sj g-2 g.

- Quick Union : representative element = root node
↳"Weighted' Quick Union O small free ro bigtree cunion

· away 'id' -> every mode points to its parent,
root points to itself def size croot-nodel :

On
only root have !

return Sz[root-node]
Union find operations vanilla quick union on

def Union (X
, y) :

def parent (nodes Y

return the parent of that node repry , repre = find(x)
,
find(y) & Clog (N)) per oper

return id[node] E if size (repr2) <= size (repr1) : O(log (N)) Total

!def root (nodel . id [repr2) = repry # instruct ,

return parent (nodel == node is the node root? Sz [repr1) = Szcrepr1] + sE[repr2] find
&

else :
T uniondef find snode) : O (N) per operation iderpris

= repr2-update the size
return the root node

o <MAN)if root(nodel : crepresentatives & instructionin Sz [repr2] = Sz(repris + SE Irepr2] OClogn]

return node

return find (parent snode) -> recursively call parent
↳ path compression : find 116s connectroot↳m

def connected (X
, y) : # def findnodes: O(M) constant OClogn) z OCM)

return find (x == find(y)
+

, Y same partition ? if rootshode) :

~ constant find
O(M]

def union( :

aka connected ? return
8(M) & union

= 0(1)

repre = finds A
unions 4

,
7) root = find(parentsnodel) weighted + pathcom .

reprz = find(y)
rootnodey

id[node] = root everytime I call find a change

no root nods X return root in the parent to th root
id [repr2] = repry !



W8 - Analysis technique
·

proving valid bound NOTE : Smooth function : non-negative finl > 0

is easier than computing - (2n) = @(fin))
bounds ↑

· Recursive functions -Specirelations
correct but doesn't equal complexity level !

① substitution method
when matter

2
. 9

. f (n) = n 2 = 0 (n2)
,

f(2n) = 4= @Cn4,

1 guess the correct ans oo want lowest upper bound undwe
↑(n) = z" = 0(24)

,
+(2) = 22"FO(2") Y

Y
-

f(u) = nlogn
,

+sin) = In log en
- recursion free * e. g. Binary search 2 . g. Quicksortworstcases N

= Klog(2n) + nlogs2n)
2 . g. Quicksort(bestcase)

F W(n) = w(z) + 1 ↑ W(n) = WSn-12+ (n + ) =In(log2+ logh)
w(n) = zw(E) + n - 1 I W(Tl = 1

·ac W(ll = 0 n -1 /VIS In = 2n + 2 ogn = - (nlogn)
W(l) = 0

logh · n -1
Knops .

zi ~
im ocnlogn) levels ↓ " "I'

(m7 0 (n2) if fin) is smooth
,

Jan-1 compl <n ops · Im O(n) ↑ (n) = f(g(n)) = 0(g(n) En

(ii) mathematical induction proof base case : p(a) true and 57 ,
LI don't effect growth

- J

inductive Step : P(K) -> P(K+1)

e. g .
Quicksort bestcase guess Ochlogn)

F· e
. g . Quicksort (worstcase) guess : 0(n2) & basecase W(2l = < 2 = 2 log2

could
bet O base case : Will = 0 < 12 = 1(44 = c (12) ; try pickc = 1 first ② inductive WC2"logh") ; n = 2

"
& 2

** clogz4H))

② inductive step : assume win) < (In' for n = 1
,

2, . . . ,
k consider wiakt = 2 w(ak) + 2k+1

- 7 want2
**

(+

Consider CK+ 1), -> 2/24 log24) + 24+1
- 1

Try c = 1 ; assume wih) < n2 for n = 1
,

2, ...,
k = 2k+ /(0g(2k + 24t- 1

= 24+ 1(k) + 24+1
- 1

:. From D&,
wSk + 1) =

u
+ 13 Want->k+ 1

= (k+

(k+ 1) - 1-2(+(k+1) = 2k+(0g(2k+)))
W(n) < U2 for 121

Xk2 + k

so win) = OCh2) - k+ k + (k +1)k71 we proved Winl = Oculogu) ; n =2 :· same apply for all n !
↓ (k+1)2# nlog(h) = smooth function

② iteration method : extend to initial conditions winna <upper bounds uniroo ! 20

③ master method : find asymtotictight bound proof : finl = 0 (n10969-8) filPermans

(a7/b> ⑦ (4109a) X
constant n1096a-E

w(n) = aw(b) + f(n) =>n height logedas
Is

A any

↑ (h)

all # operations
infin) fini = e(nlogba) -(nlogbalogn)

-(n) = 0 (n100b*
logn) -(41096910gk+n)

Wa-Greedy Algorithm : optimization problems considering knowledge atm.
100ab+ any

~ individual choice not ex (small info) Woreil slower bound) proof : F(n) = - In constant

F(R) IWd ureivo !
~ can't go back it not guarantee optimal sol O(f(n) 10gab + 32s0

N

coin changing :

- n-max X optimal D = <7 ,
70

, 25]
,

n =30 0(n
+ findo : a x f(b) < (

* +(n)
I n is big W

L X optimal OG) and positive O [ (1

heo
interal scheduling problem FCFs X optimal

SJF X optimal

Earlier-finish-time-first (EFTF) Ocnlogn) Voptimal !I

knapsack problem highest profit first ochlogns voptimal
weight 'sort

profity weight
↑

Dynamic programming- recursive calls Idow 00 memorize solution + X recompute
- solve optimality problems thatsatisfy => dictionary store + retrieve+ member

the principle of optimality

topdown [VS) Bottom up

normal Et"-1(frecursive calls >2"-1 Oce"l · recursion tree ·Subproblem graphs
2

· dictionary to store & solve
· draw subproblem graphs + find

dependencies
n = # nodes subproblems

· dictionary to store solutions
· before solving sub problems.. Check

for subproblems
each n-1

,
n -z

, .., -> have : retrieve sol
small o 1 2

dynamic compute1 time each * nour : recusivecall + store indict sois
big

program need
store))

,
members)

,
retrieve () -> 0(1) -

O(n) ⑰ ..

O(n7 ou
need



Dynamic programming E
* Top downmemorization ) * Bottom down (tabulations

↳enetnomitS 3
-natural order - dependency order specifi
- hash map/dict

-

array/undtrip

* trivial algorithm : all possible cases + choose best one

* principle or optimality : subsolutions of the optimal sol also optimal -> must

satisfy !

# objects

capacity
coin exchange :

coins in all orders
,

find the best knapsack : One) for table filling

problem 0 (u)
·

; n denominations polynomial functions for the inputul (notsize)=Pudmials

C

O I 23
U

O g O O

1

S it ! i i

longest common substring : Forbottom-up approachonis 30 T

ocnm)

O same= diagonal + 1

O
- diff = max (ww ,

vis)

n + 1
,

on+1 dray

2 ↓ iss

41096a =
n

n10gba = u yloya = u F(n) = nlogn

↑(n) = 2 f(ni
= n - 1 = (n10969logn)

2 = 0(n) -2) f(h) = = (n10Yba) Case 2

E = 0. 5

⑮ (nlogu (Inclognit
in = 2")

x3n
+23

↳
3n

1090a = n n
logpa

= plogs' = 1

glogya = nloge = m
↑ (n) = 1

En = = (nlogn
+2)

log h
f(n) = n

aff( *)) > c +()

fin = -- In 1969) Ton = 0

choose n =
2" * 3

en f(n) = O(n) + (5) + c
+ (n)

case ?? 20

f(n) = 0(u)
-

2) 3n+23"xc(3h)

(2)(4)xc(n) hma =-

Ex((n)
=

7 1



string matching While (j < n) [

if (T(jj = = P[k])S
① straightforward solution j + + ;k+ + %

p
odk m-1 if (k = = m) return i;

S
Worstcase : 0 <Mn)

Tli elseE
n- k =0 %

j = + + ij

if (j > n-m1 break ; 3

Y

② Rabin-Karp Algorithm Onkol compare visions

① Convert pattern length m to number p Mash

hashitsminaO m-1
use O (m)

d = 11 =

11111142 #chars
- P

for (in+ i = 1 ; i < m ; i ++ )
u micron

< h = (h
* d + +x + [i])% g ; 3 = +g

② the first m chars of the pattern to +
Y = P % g

O n-

IIIIIIII

*
③ p = = t ? ③ up == h+ && equal-string (p

,
T

,
0

, j ,
m)

2 yes
-

No ↓ return i

missing

NO yes => return ;

miner

t = ( + - +(i)
& &My * d + T[i+ m) [

Shift

ut = rehash (t , j ,
m

,
ht) ;

int rehash (T
,
i

,
m

,
n+)

oldest = IT[i] &M) % 9 ;

oldest
-

removed = ((h + + q) - oldest) : & ;

return Coldest-removed od + +[i+ m)) %· 9;
-
-

Y new

Worstsase & ((n-m + 1)m)

expected O(m) + 0 (m) + 0 (h)

very small hash for loop

spurious hits

kept low by + q 0(n)
③ Boyer-Moore minimize alignments

,
maximixe shifts

not match
I L M

· Better with long patterns
P

⑭ matha
Shift

↑wis su left shift!
& N

s charjumps
T Id/matchi a 00 more rightwo 5352

- (I) d in p : we right most & Marcharjump
9

(i) & not in p : shift m-i

- matchjumps : from pattsm

O laWY/Nl slide
③ IIIIIII

2
not match

nivis

,
m-+

⑭slide
②NY slideE

#
& mismatch millis shift match jump = match + slide ,a: i wow one

w


